Trigonometry practice in a book published in the year 1930...

20, Discuss the solution of cos®z —2mcosz + 4m? +2m ~ 1 =0 for
various values of m.

21, Show that if bhcos 0 +aksin § =ab has roots for cosf, they
always determine values of 6.

g in terms of sin 0, when @ is in the neighbourhood

of 420°. For what precise neighbourhood is the result valid ?

1=
23. Prove that ta\ug is one of the values of 1+ y{1 —sin ) and

1+ /(1 +sin 0)’
find the other values.

22, Express sin

Ot
24, Prove cosg =(~ 1}[ £ ]q/H;(I +cos 0)). (See footnote, p. 46.)

25. If p is an integer and -1 <g< 1, find the number of possible
values of gin 2, such that (i) sin2pz =g, (i) sin(2p + 1)z =q.
26. Solve % — Bk%d 4 Blile = 2k5 cosa, for 2 in terms of a and k.

impli - P9 2 3=
27. Simplify tan l-1-pg+w" it

1 1 q
S i =1 : o
28, Prove that tan tan +tan™ — i

w

28, Use the result of No. 28 to express i

in the form tan— § + tan~14.

; 1 1
Also express tan—  and tan~*} each in the form tan—? S tan~t -
where 1 and n are positive integers.

30. Prove that E =2tan—1} +tan—1} 42 tan—l J..

31, Prove that 3-; =2cot 15 +cot 174+ 2cot 18,

20. Discuss the solution of cos?x — 2mcosx + 4m? + 2m — 1 = 0 for various values of m.

cos?’x—2mcosx+4m?+2m—-1=0
(cos?x—2mcosx+m?)+ (Bm?+2m—1) =0
(cosx—m)? = —-3m? —2m + 1

scosx=m+Vv-3m2-2m+1 ..(1)

(A) -3m?—2m+1>0=3m?+2m—-1<0e 3m-1)(m+1) <0
©-1<m<: ..(2)

(B) Inorder (1) to have solution, —1 < cosx < 1.

(a) First we consider the root cosx = m + vV—3m2 — 2m + 1
() m+vV-3m2-2m+1<1
& V-3m2-2m+1<1-—m,ssince by (2), RHS is positive.
& -3m?-2m+1< (1-m)?
& -3m?-2m+1<1-2m+ m?

& 4m? > 0, which is always true.

(i) —1<m++V-3m2—-2m+ 1 is always true since —1 < m.

(b) Next, we consider the root cosx = m —v—3m?2 — 2m + 1,



21.

[SSEETY

() m—+v-3m2—-2m+1<1 isalways true since m <

(i) —1<m-+v-3m?2-2m+1
& V—=3m2 — 2m + 1 < m + 1, both sides are positive by (2)
& -3m?-2m+1<(m+1)?
& -3m?-2m+1<m?+2m+1
& 4m? +4m >0
&m(m+1)=>0
&m<-lorm=0

wlr

Joiningwith(2), m=—-1or 0 <m<

In conclusion,

(a)

(b)
(c)

(d)

(e)

Form=-1, m+vV-3m?—-2m+1=m—-+vV-3m? —2m+1
The given equation is reduced to cos?x+2cosx+1 =0 < (cosx+1)2 =0

We have only one root, that is, cosx = —1.

For —1 <m < 0, we have oneroots, cosx =m++v—3m?2 —2m + 1
For m =10, cosx = +1 , two roots.

1
For O<m<§,wehavetworoots, cosx =m + v—3m? — 2m + 1.

Form=§, -3m?-2m+1=0, m+vV-3m2-2m+1=m—+vV-3m?2-2m+1
The given equation is reduced to 9cos?x — 6cosx+1=0 < (3cosx—1)> =0

. 1
We have only one root, that is, cosx = e

If we like to find the roots for x , where  0° < x < 360°, then

(a)
(b)
(c)

(d)

(e)

For m = —1, x = 180° , one root.
For —1 < m < 0, x has four roots.

For m = 0, x = 0° 180°, two roots.

1
For 0<m< 30 X has four roots.

1
For m = 3y X has two roots.

Show that if bhcos 8 + aksin 8 = ab has roots for cos 0. They always determine values of 0.

Let

¢ = cos 0, the given equation becomes
bhc + akvl —c? = ab
+akv1 — c¢? = ab — bhc
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a’k?(1 — c?) = (ab — bhc)?
a’k?(1 — c?) = a%b? — 2ab?hc + b?h?c?
(b%h? + a%k?)c? — 2ab%hc + (a%b? —a%k?) =0
Since the equation has roots for ¢ = cos0 ,
A= (—2ab%h)? — 4(b?h? + a?k?®)(a?b? — a?k?) = 4a* k* + 4 a2 b2 h? k? — 4 b? k? a*
=4a’k?(b%h?+ a?k?— a?b?) >0
a’b? <b%*h%+ a?k?®* ...(1)

Now, bhcos6 + aksin6 = ab

bh ak . ab
————00S0 + ———=5sin = —
vVbZhZ+a2k?2 T vVbZhZ+a2k2 vVbZhZ+a2k2
Put cosa = bh sina = ak
~ VbZhZ+a2k?’ ~ VbZnhZ+a2k?
ab
Then the given equation becomes cos0cosa + sin0sina = ————
g q + b2h2+a2k2
ab
Or cos(@B—a)=———— ..(2
( ) vVbZhZ+a2k?2 (2)
(2) hassolution < |L <le _av 1, which is always true by (1).
vbzhz+a2kz| = b2z h2+a2k2 — '

o _ ab
8 — o= 360°n + cos ™ (Jrrmars)

ab

0 = a+360°n + cos™? (m

), where neZ.

Express sing interms of sin®, where 6 isin the neighbourhood of 420° .

For what precise neighbourhood is the result valid ?

Zsinzg =1-—cosH, ZCOSZg =1+cosH
Replace 6 by (90° — 0),

2sin? (45° - g) =1 — cos(90° — ), 2cos? (45° - g) = 1+ cos(90° — 6)
V2sin (45° - g) = ++1—sinB, +2cos (45° — g) = ++/1 +sin 6
Since O isin the neighbourhood of 420°, (45° - g) is in the neighbourhood —165°.

Note that (45° — g) is in the 3™ quadrant when 270° < 6 < 450°.
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~ \/2sin (45° — g) = —/1—sinB, +2cos (45° — g) = —v1+sin0
V2 (sin 45° cosg — cos 45° sing) = —V/1—sinb
V2 (cos 45° cosg + sin 45° sing) = —V1+sinb

cosg— sing =—V1—sin® ..(1)
cosg+ sing =—V1+sin0® ..(2)

270° < 6 < 450°

)

G- sin? =1 (—VI+sm8+VI—sind), 270°< 6 < 450°.

o . 1+v1-sin .
Prove that tan- is one of the values of ———” , and find the other values.
4 1+V1+sin©

2

N| D

. -0 0 .. 0 0 . O 0 0
22 29)_ 2 cos— i
1+v1=sin® 1i\/(51n Ztcos 2) 2sinz cosy; 1+ (sm;—cos 1i(sm5—cos;)

1+V1+sin6

2 ind Q)
1i(SlI’12+COS2

)

) 0 . 0 0 9
22 28 > 2 ;
1i\/(sm 2+cos 2)+2 sin; cos; 1+ (sm;+cos;)

By taking different signs in the fraction, we have:

.. 0 [} .. 0 [} . 20 . . .. 0 e .0 .
1+(sm——cos—) 1+2 sin— cos——(1—2 smz—) 2 sm9 cosg+2 sng sm—(cos—+sm—) sm9 0
(a) 2 2) 4 4 4/ 4 4 4 _ 4 4 4/ _ 4 — tan-—
1+(sing+cosg) 1+2 sing cosg+(2 coszg—l) 2 sing cosg+2 coszg cosg(cosg+sing) cosg 4
2 2 4 4 4 4 4 4 4 4 4 4
—(sin®—cos? —2sin® cos? zﬁ_) —2sin® cos? 28 Q(_-Q Q) — sin®+cos®
(b) 1 (sm2 cosz) _ 1-2 sm4 cos4+(2 cos 2 1 _ 2 sm4 cos4+2 cos T Cos4 51n4+cos4 _ 51n4+cos4
in%rcosd) in? cos? 29°1) ~ 2sing cos? 22 Tcosd(sindrcosd)  sindcos
1+(sm2+cosz) 1+2 sm4 cos4+(2 cos 2 1 2 sm4 cos4+2 cos " cos4 sm4+cos4 sm4+cos4
sing
—F+1 8 n .8
cosy 1-tany tan —tan, m 0 n—0
=% = 8 — = 9=tan —-——=)=tan|—
sing 1+tan=  1+tan_tan— 4 4 4
t+1 4 4 4
COSZ
0 [} .. 0 [} 0 . 0 0 .06
1-(sinz—cos> 1-2 sin— cos—+(2 cosz——l) 2 c0529—2 smg cos9 cos—(cos——sm—) 0
(C) 2 2) 4 4 4 — 4 4 4 _ 4 4 4 _ _ cot—
1- 51ng+cos— 1-2 sing cosg—(l—z sinzg) 2 sinzg—z sing cosg - sing(cosg—sing) 4
2 4 4 4 4 4 4 4 4 4 —

in? cose-(1-2 sin?) in?242 5in? cos?  sind(sinSrcos?)  sind+cos?
1+2 sm4 cos4 (1 2 sin 2 2 sin 4+2 sm4 cos4 _ sm4 51n4+cos4 _ sm4+cos4

(d)

—_2sin® 9__-29)_ in2%_2 sin® 9_-9(-9_ 9) in—cos®
1 Zsm4 cos4 (1 2 sin 2 2 sin " Zsm4 cos4 sm4 sm4 cos4 sm4 cos4

.8
Sll’lz+1
cosg 1+tang 1+tan§tang 1 -6
TR 1-tan> - tan®—tanS - _tan(E—g) - _COt( 4 )
3_1 4 4 4 4 4



0 o+m .
Prove that cos- = (—1)[ 21r] %(1 + cosB) , [x]=greatest integer smaller or equal to x

cos20 = 2cos?0—1

Replace 0 by g and rearrange we get cosg =+ E(l + cos 0)

The point is to determine the * sign exactly.

Now, cosa is positive when « isinthe 1% and 4" guadrants, and negative in the 2" and
g
T

o+ T[
+_
3" quadrants. The sign of cosa is (—1)[ ] Here in [%], the change from positive

to negative is in every turn of T and we add g since (—1) to power an even numberis 1.

212

O,
. 0 [%] [eﬂ
Thus the sign for cos- should be (—1) = (—1)le2n],

0+m
cosg - (_1)[7] %(1 + cos 0)

If p isanintegerand —1<gq <1 ,findthe number of possible values of sin x, such that
(i) sin2px=q, (i) sin(2p+ 1)x=q.
(i) The general solution for sin2px =q is 2px =nm+ (—1)"sin"1q , where neZ .
_ 1 _1\n o1 _hm 1. . \ngio—-1
Hence x—zp[nn+( 1)"sin" q] = 2p+2p( 1)"sin""q .
If we take 0 < x < 2m, there are 4p values of x, thatis, when n=0,1,2,....,(4p — 1)
. . nt 1 n.:.—1
Thus there are 4p values of sinx = sin [Z + 5(_1) sin q].

(ii) The general solution for sin(2p+ 1)x =q s
2p+1Dx=nmn+ (—1)"sin"1q , where neZ .

1
2p+1

nT 1

+
2p+1  2p+1

Hence x= [nmt+ (—1)"sin"tq] = (-1"sin"1q .

If we take 0 < x < 2m, there are 2(2p + 1) = 4p + 2 values of x, thatis,
when n=10,1,2,...,(4p + 1).

nt 1

+
2p+1  2p+1

Since sinx = sin [ (=1)"sin™? q], and amongst these solutions

. kTt 1 i NKeja—1 _ . [l@p+1D)+K]m 1 A\@p+D)+K] oja—1
Sln[2p+1+2p+1( 1)*sin q]—sm[ 2p+1 +2p+1( D) sin q]

forall k=0,1,...,2p—2).
Thus there are only 2p — 1 values of sinx.
(For those who do not understand the proof may start with solving sin2x = 1,sin3x =1, ...

and then find the possible values of sinx.)



26. Solve x> —5k?x3 4+ 5k*x = 2k®cosa, for x intermsof o andk .

Put x = 2kcos 6, then the given equation becomes:
(2k cos 8)° — 5k2(2k cos 8)3 + 5k*(2k cos 8) = 2k cos a
32k°cos® 8 — 40k cos3 0 + 10k°® cos 0 = 2k® cos a
16c0s®> 8 — 20 cos® 0 + 5¢cosB = cosa
cos 50 = cosa
(The proof that cos 50 = 16c0s® 8 — 20 cos3 8 + 5 cos 8 is left for the reader.)
50 =2nm+ta

2nmto
0= - nez

-1 q-r
1+qr °

27. Simplify tan"!2—* 4+ tan
1+pq

Take p=tanx,q=tany,r =tanz .

— - -r —1 tanx-tan _1 tany-tanz
tan"! 2L 4 tan~1 1= = tan~1 L 1 2 =22
1+pq 1+qr 1+tanxtany 1+tanytanz

=tan " [tan(x —y)] +tan " [tan(y—z2)] = (x—y) + (y—z) = x—z = tan"p — tan~r

_11 _ 1 —
28. Provethat tan~!'==tan™'—+ tan"l—>——.
p p+q p2+pg+1
1. a
-1 1 -1__ 49 _ _p+d ' pZepgri_ _ (P*+pa+1)+q(p+q) _  p?+2pg+gi+l 1
tan|tan” " —+ tan " = T T = > = ~ —— ==
p+q p?+pq+1 1-———x————  (p+q)(p?+pq+1)—q p(p*+2pg+q?+1) p
p+q p“+pq+1
_11 _ 1 —
stan”!==tan"'— + tan"t —— .
p p+q p2+pg+1

29. Use the result of No.28 to express E in the form of tan?! % +tan~?! %

1 1

11 11 . 11 11
Also express tan > and tan 3 each in the form of tan 1; + tan 1; where m and n

are positive integers.



Put p=gq=1,then tan™* % + tan‘lg = tan"11 = E
Put p=2q=1then tan"!>=tan™ +tan"1-
Put p= 3; q= 1, then tan_lé = tan_l i +tan—1 %

Prove that == 2tan~'i+tan"1i+ 2tan~1 >
4 4 7 13

41 11 11 i1 11 11 11
®=tan -+ tan 1—=(tan 1> 4tan 1—)+tan 12 =2tan"'=+tan"1:=
4 2 3 3 7 3 3 7

=2 (tan‘1 I ttan? i) +tan!
4 13

N

— 2tan~ 12 +tan~11 4+ 2tan~1 L
4 7 13

Prove that g = 2cot™154cot 17 + 2cot™18.

_a
p2+pq+1

1

From No.27, tan~!2 = tan~!—— + tan~!
p+q

T

1

Since tan~!== cot™!p, (Proofis leftto the reader.)

T

2
We have cot™1p = cot X (p+ q) + cot™! B +pg+1

Put p=q=1,then g: cot™'1 =cot ™12 + cot™!' 3

Put p=2,q=1,then cot™12 = cot™13 + cot™1 7
Put p=3,q=2,then cot™13 = cot !5+ cot™! 8

Combining, E = cot ™12 + cot™1 3 = (cot ™13 + cot™! 7) + cot™13
= 2cot ™13 + cot™! 7 = 2(cot 15+ cot 1 8) + cot™1 7
= 2cot™'5+cot™17 + 2cot™18

Yue Kwok Choy
28/10/3016



